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Abstract 

By using Hsu's multiplicative functional for the Neumann heat equation, a nat- 
ural damped gradient operator is defined for the reflecting Brownian motion on 
compact manifolds with boundary. This operator is linked to quasi-invariant flows 
in terms of a integration by parts formula, which leads to the standard log-Sobolev 
inequality for the associated Dirichlet form on the path space. 
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1 Introduction 

Stochastic analysis on the path space over a complete Riemannian manifold without 
boundary has been well developed since 1992 when B. K. Driver [3] proved the quasi- 
invariance theorem for the Brownain motion on compact Riemannian manifolds. A key 
point of the study is to first establish an integration by parts formula for the associated 
gradient operator induced by the quasi-invariant flow, then prove functional inequalities 
for the corresponding Dirichlet form (see e.g. |5l [9l Ej and references within). Moreover, 
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some efforts have been made for the study of geometry and topology on Riemannian path 
or loop spaces (see e.g. [1] and references within). 

On the other hand, however, the analysis on the path space over a manifold with 
boundary is still very open. To see this, let us mention [10] where an integration by parts 
formula was established on the path space of the one-dimensional reflecting Brownian 
motion. Let e.g. Xt = \bt\, where 6f is the one- dimensional Brownian motion. For 
h G C([[0,T];M) with = and \ht\'^dt < oo, let dh be the derivative operator 
induced by the flow X + eh, i.e. 

n 
1=1 

where n e N,0 < h <■■■< tn < T and F{X) = f{Xt„- ■ ■ , Xt,J for some / G C°°(M"). 
As the main result of [10], when h G Cq{0, T), [THl Theorem 2.3] provides an integration by 
parts formula for dh by using an infinite-dimensional generalized functional in the sense of 
Schwartz. Since for non-trivial h the flow is not quasi-invariant, this integration by parts 
formula can not be formulated by using the distribution of X with a density function, 
and the induced gradient operator does not provide a Dirichlet form on the L^-space of 
the distribution of X. 

In this paper, we shall define quasi-invariant flows on a d-dimensional Riemannian 
manifolds with boundary for all /i G H in an intrinsic way, where 

H := |/i G C([0,r];M'^) : ho = 0,J^ \ht\^ dt < oo^ 

is the Cameron-Martin space. When M is a half-space of M.'^, which essentially reduces 
to the one-dimensional setting, quasi-invariant flows has been constructed in [H §4(a)] 
by solving SDEs with reflecting boundary. We shall modify the idea to the reflecting 
Brownian motion on a manifold with boundary. By establishing integration by parts 
formula, these flows will be linked to a damped gradient operator defined by using Hsu's 
multiplicative functionals constructed in [9]. Form this we will derive the Gross log- 
Sobolev inequality for the associated Dirichlet form. 

To explain the idea of the study in a simple way, we first consider the one- dimensional 
situation. Let It be the local time of Xt := \bt\ at point 0. We have 

dXt = dbt + dlt, Xo = 0. 
Now, for any /i G EI and e > 0, let Xt''^ and its local time It'^ at solve the equation 

dX't''' = dbt + ehtdt + dlt''', X'/ = 0. 

By the Girsanov theorem {bt + eht : < t < T} is a Brownian motion under the 
probability -RgP, where 
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Re = exp -e htdbt - — / M^dt 
Jo Jo 

is a functional of X since dbt = dXt — dlt. Thus, the distribution of X^''^ under R^F 
coincides with that of X under P. Therefore, the flow X"^'^ is quasi- invariant. Moreover, 
it is easy to see that X^'^ = \bt + £ht\. So, for a cylindrical function 7 i-> i^(7) = 
/(7ii,--- ,7iJ,wheren> l,0<ti <■■■ <4<T, /gCo-(M!^) and 7 G C([0, 1]; [0, 00)) 
with 7o = 0, one has 



i=l 



i=l 

which is a functional of X. Let f{xi, ■ ■ ■ ,Xn) = f{\xi\, ■ ■ ■ , We have 



e^O £ ^ — ' 

1=1 



Combining this with the known integration by parts formula for the Brownian motion, 
we obtain 



:i.2) 



EL)°F = e|f(X) htdbt 



Furthermore, let the gradient of F be fixed as an H-valued random variable such that 
(D°F, /i)h = DlF, hem. So, 

n 

D'F = Y,iU A t)sgn(X,, - ItJhtAfiXt,,- " " , XtJ. 

4 = 1 

Let /u be the distribution of X. By flL2l) . the form 

defined for cylindrical functions F and G is closable in L^(^), and the closure {S", 

is a conservative Dirichlet form. Finally, by the known log-Sobolev inequality on the path 

space of the Brownain motion, this Dirichlet form satisfies the log-Sobolev inequality 



/i(F2logF2) < 2(f(F,F), Fe&{<g). 



3 



The main purpose of this paper is to reahzed the above idea on the path space of 
the reflecting Brownian motion on a Riemannian manifold with boundary. In this case 
we no longer have explicit expression of D'^. But in Section 2 we shall present an inte- 
gration by parts formula, which identifies the adapted projection of and that of the 
damped gradient operator induced by Hsu's multiplicative functional constructed in [9]. 
this integration by parts formula will be proved in Section 3. Finally, using the resulting 
integration by parts formula, the standard log-Sobolev inequality will be addressed in 
Section 4. 

2 Damped Gradient and Integration by Parts 

Let M be a d- dimensional compact connected Riemannian manifold with boundary dM. 
Let o G M and T > be fixed. Then the path space for the reflecting Brownian motion 
on M starting at o is 

W = {jeC{[0,T]-M): 70 = o}. 

Let Bt be the d- dimensional Brownian motion on a complete probability space ^,P) 
with natural filtration {^t}t>o- For any x G M, let O^M be the set of all orthonormal 
bases for the tangent space T^M at point x, and let 0{M) := VJxi^mOx{M) be the frame 
bundle. Then for any Xq G M, the reflecting Brownian motion can be constructed by 
solving the SDE 

(2.1) dXt = UtodBt + N{Xt)dlt, 

where Ut G Oxti^) is the horizontal lift of Xt on the frame bundle 0(M), and It is the 
local time of Xt on the boundary DM. Let /i be the distribution oi X := {Xt : < t < T} 
for Xq = 0. Then /i is a probability measure on the path space W. 

To define the damped gradient operator, let us introduce the multiplicative functional 
constructed in [H] . To this end, we need to introduce some M'^- valued functionals 

on the frame bundle. Let Ric be the Ricci curvature on M and I the second fundamental 
form on dM. For any u G 0{M), let 

Ru{a,b) =Ric{au,bu), a,beW^. 

Let TTg : TM — )■ TdM be the orthogonal projection at points on dM, and let n : 0{M) — > 
M is the canonical projection. For any u G 0{M) with nu G dM, let 

Itj(a, b) = I{7rQau, TCgbu), a,b E W^. 
Finally, let be the inward unit normal vector field on dM. For nu G dM, let 

Puia,b) = {ua,N){ub,N), a, 6 G M"'. 
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For any uq G 0{M), let Xt be the reflecting Brownian motion on M with horizontal 
lift ut. For any e > 0, let Qf solve the following SDE on ]R'^(g)]R'^: 



(2.2) dQt = -gf|-K,df + {e-'Pu, + K,)dkY Ql = I. 

According to [9l Theorem 3.4], when 5 J, the process Ql converges in to an adapted 
right-continuous process Qt with left limit, such that QtPut = if = i^ut G dM. 
Consequently, if Ric > —K and I > —a for some continuous functions K and a on M, 
then 

IIQtll <exp|^^ K{Xs)ds + a(X,)d;,|, t > 0, 

where || ■ || is the operator norm on M''. In particular, E||(5tP < oo holds for any p > 1. 
For / e C(M), let 

P,/(x)=E/(Xf), xeM, 

where and in the sequel, denotes the solution to (12. ip for Xq = x. Then Pt is the 
Neumann semigroup. By [9l Theorem 4.2] (see also the last display in the proof of P, 
Theorem 5.1]), s H- QsUg^VPt-sfiXg) is a martingale. So, 

(2.3) Wo'VPi/(x) = E{g^-(<)~'V/(Xf)}, xeM,uoe 0,{M), 

where and are the multiplicative functional and horizontal lift of . 

In general, for s > 0, let {Qs,t+s)t>o be the associated multiplicative functional for the 
process {Xt+s)t>o- We have 

(2.4) Qs,tQt,r = Qs,r, 0<s<t<r. 

We shall use these multiplicative functionals to define the damped gradient operator (see 
[7| for the damped gradient operator for manifolds without boundary). 
Let 

^C"- = {W3j^ fi^t,,- ■ ■ , 7tJ : n > 1, < ti < ■ ■ ■ < t„ < r, / e C"-(M)} 

be the class of smooth cylindrical functions on W. For any F G ^C°° with F{-j) = 
filti ) ■ ■ ■ ) 7i„) ) define the damped gradient DF as an H- valued random variable by setting 
{DF)o = and 

-iDF), = J2Mt<u}Qt,u<^^fiXt.,---,X,J, te[0,T], 

i=l 
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where Vi denotes the gradient operator w.r.t. the i-th component. Then, for any H-valued 
random variable h, we have 



(2.5) DHF:={DF,h)j, = J2 / K , ■ ■ ■ , X,J, g*,>,)dt. 

i=i 



Next, let H denote the set of all square-integrable H-valued adapted random variables. 



I.e. 



m= {he L'^{n ^ H; P) : ht is measurable, t G [0,T]}. 
Then H is a Hilbert space with inner product 

{h,h)f^:=E [ {ht,ht)dt = E{h,h)M, h,heM. 
Jo 

To describe DF by using a quasi-invariant flow, for /i G EI and e > let X^''^ solve 
the SDE 



(2.6) dX't^'' = ufodBt + N{X't''')drt''' + ehtufdt, X'/ = Xo = nu^, 

where ll'^ and ul'^ are, respectively, the local time on dM and the horizontal lift on 0{M) 
for Xl'^. To see that {X^'^}f,>Q has the flow property, let 

e : VFo := G C([0, T]) : oj^ = ^ W 

be measurable such that X = 0(5). For any e > and a function $ : Wq — )■ VF, let 
ie^^)iu) = $(w + e/i). Then X'''' = {9^e){B),e > 0. Hence, 

We shall try to link the multiplicative functional Q to the vector field (if exists) generating 
the flow X^'''. 

First of all, let us explain that the flow X^'^ is quasi-invariant. Let 

R^'h = exp 
By the Girsanov theorem. 



e I {ht,dBt)-^- [ Ihtl'dt 
.Jo Jo 



:= Bt - eht 

is the d-dimensional Brownian motion under the probability i?^''^P. Thus, the distribution 
of X under W^'^F coincides with that of X^'^ under P. Therefore, X"^'^ is quasi- invariant. 

The following integration by parts formula provides a link between the damped gra- 
dient D and the flow X^''^. 
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Theorem 2.1. For any uq G 0{M) and F G ^C°°, 

E{D,F} = limE ^^^'''^ ~ ^^^^ = e(f(X) r{k,dB,)] 
eio e I Jo ) 

holds for all h ^M.^, the set of all elements in H with bounded He- 
Remark 2.1. Since is dense in H, the above resuh imphes that the projection of D 
onto H can be determined by the flows X^'^, /i G H;,. But in general 

(2.7) D,F = \im ^^^^''^~^^^\ hem 

does not hold, so that the flow {X^'^} is not generated by the vector fleld 

3 7 ^ |«i(7) ^ Qlth)hsds G T,,M : < t < t|, 

where ^^(7) and Qsi'y) are the horizontal lift and the multiplicative functional of 7 re- 
spectively. 

To disprove (12. 7p . let us consider M = [0,1] C M and Xq = 0. Let ht = t and 
-^(7) = 99i- By (II. ip we have 

(2.8) hm ^(-^''') - F(^) = f'^x,) sgn(Xi - h) = sgn{X, - h), 

£4-0 £ 



provided 



Ti := inf{t > : Xt = l}>l. 



On the other hand, for the one-dimensional case we have = !„ = and P„ = 1. Then 
by (O 

g:,i = exp[-£-i(/t-/,)] >0, s<t. 
This implies that 1 > for all t G [0, 1]. Combining this with (12. 6p we obtain 

(2.9) DhF = /'(Xi) Qi,idt = Qi,idt > 0. 

Jo Jo 

Since 

P(Xi - Zi < 0, Ti > 1) = inf Bs < 0, sup Bs < l) > 0, 



where Bs is now the one-dimensional Brownian motion. Combining this with (12. 8p and 
([Ml), we see that ([22D does not hold. 

To prove Theorem 12.11 we need some preparations. In particular, we shall use (12. 3p 
and a conducting argument as in [8] for the case without boundary. 



3 Proof of Theorem 12.1 

Lemma 3.1. Let uq E 0{M) and F e ^C°°. Then 

limE ^^^''^^ ~ ^^^^ = eS.F{X) [ {ht,dBt)\ 
£4-0 e { Jo } 

holds for all /i G EI;,. 

Proof. Let B^"'^ = Bt — eht, which is the d-dimensional Brownian motion under R^'^¥. 
Reformulating (12. ip as 

dXt = Uto dBl'^ + N{Xt)dlt + ehtutdt, Xq = tiuq. 

By the weak uniqueness of (12.60 . we conclude that the distribution of X under W'^W 
coincides with that of X^'^ under P. In particular, EF(X^'^) = ¥.[R^'^F{X)]. Thus, 



e;0 £ £4-0 I £ J 

= e|f(X)J^ {ht.dBt) 



where the last step is due to the dominated convergence theorem since {i?'^''^}eg[o,i] is 
uniformly integrable for h eW^. □ 

Lemma 3.2. For any n> < h < ■ ■ ■ < tn <T , and f E C°°{M''), 

n 

1=1 

holds for all x G M and Uq G Ox{M), where V^,. denotes the gradient w.r.t. x. 

Proof. By (12. 3p . the desired assertion holds for n = 1. Assume that it holds for n = k for 
some natural number k > 1. It remains to prove the assertion for n = k + 1. To this end, 
set 

g{x)=Ef{x,X^^_,^,... xGM. 
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By the assumption for n = k we have 

fc+i 

1=1 

for all X G M,Uo G Ox{M). Combining this with the assertion for k = 1 and using the 
Markov property, we obtain 



k+l 



i=l 



Lemma 3.3. Let f G C°°(M). Then for any Uq G 0(M) and t > 0, 

S^fiXt) j\k,dB,)'^ =E j\uiWf{Xt),Ql,K)ds, heM,h G [0,T]. 



E 

Proof. Noting that 



^PJ = l-APJ, NPJ\aM = 0, s>0, 
as 2 



by (12. ip and the Ito formula we obtain 

d(Pt_J)(X,) = {VPt-sfiX,),UsdBs), s G [0,t). 



This implies 



Therefore, 



f{Xt) = PtfiXo) + [\u;'VPt.sf{Xs),dB,), s G [0,t]. 
Jo 



□ 



(3.1) E^^fiX,) j\k,dB,)'^ = E j\u;WPt-sf{Xs),k)ds. 

By (12.31) and the Markov property we have 

uj'VPt^sfiXs) = E(a,iix-V/(Xi)|^,). 
So, the desired formula follows from (13. ip since hg is ^^-measurable. □ 
As a consequence of (12. 3p and Lemma 13. 3[ we have the following Bismut formula. 
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Corollary 3.4. Let Ptf{x) = E^/(Xt), t > 0, x G M, / e C(M). Then for any v G T^M 

and any h E H with ht = Uq^v, 



Proof. By (I2.4p and applying Lemma [3.31 to /i G H in place of h, where kg = Qghg, we 
obtain 

e|/TO^ (Q:/i„dS,)| =E^ {u;'Vf{Xt),Qlk)ds = E{Qtui'Vf{Xt),Uo'v). 
Then the proof is completed by combining this with f l2.3p . □ 

Proof of Theorem \2.1[ By Lemma 13.11 it suffices to prove 

(3.2) e{D;,f} = e|f(x)^ (/it,dSi)|, hem 

for F = f{Xt„--- ,XtJ with / G C°°(M"), where n > 1, < fi < ■ ■ ■ < t„ < T. 
According to Lemma 13.31 (13. 2 p holds for n = 1 . Assuming (13. 2p holds for n = k for some 
A; > 1, we aim to prove it for n = A; + 1. To this end, let 

gix) = Efix,X^^_,^,... ,Xl^^_J, xeM. 
By the result for n = 1 and the Markov property, 



= e|f(X) j\ht,dBt) 



(3.3) 

On the other hand, by (12.41) . Lemma [3.21 and the Markov property. 







'\{u;ygiX,J,Ql^k)dt 



r e(e( ^ g,,,,«- V./(x,„ ■ ■ ■ , 1^,,) , Qi^ht)dt 
1=1 

/ («,-V./(x,„---,x,,^j,g*,>i)dt. 
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Combining this with (12. 5 p and fl3.3p we obtain 



t) 



(3.4) 



) • 



E{DhF} =e(^F{X) j^\ht,dBt 

k+l pu 

+ey, / KV./(x,„---,x,,^j,Q:,>,)dt. 

i=2 

By the Markov property and the assumption for n = k, we have 

Y^E {u;yjiXt,r-- ,Xt,^J,Ql^t)dt = E\F{X) {KdB^ 

i=2 -^'i 1^ 

Combining this with (13. 4 p we complete the proof. □ 

4 The Log-Sobolev Inequality 

Let /i be the distribution of X with Xq = o, and let 

cff{F,G) =E{DF,DG)m, F,Ge^C°^. 

Since both DF and DG are functionals of X, (^, ^C°°) is a positive bilinear form on 
L'^{W] n). It is standard that the integration by parts formula (13.21) implies the closability 
of the form (see Lemma HTTj) . We shall use ((f, ^((f)) to denote the closure of (^, ^C°°). 
Moreover, (13. 2p also implies the Clark-Ocone type martingale representation formula (see 
Lemma 14. 2p . which leads to the standard Gross [6] log-Sobolev inequality. It is well 
known that the log-Sobolev inequality implies that the associated Markov semigroup is 
hypercontractive and converges exponentially to /i in the sense of relative entropy. 

Lemma 4.1. (tT, ^C°°) is closable in L'^{W;tJ.). 

Proof. Although the proof is standard by using the integration by parts formula, we 
include it here for completeness. Let {Fn}n>i C ^G°° such that S{Fn, Fn) < 1 for all 
n > and ^(-F^) + <^(F„ — Fm,Fn — Fm) — as n, m — > oo. We aim to prove that 
S'{Fn, Fn) — >■ as n — )■ oo. Since 

(^{F'n, Fn) = S'{Fn, Fn — F^) + (S'{Fn, Fm) < \/ S" {Fn — Fm, Fn — Fm) + (^(i^n, -Fm), 

it suffices to show that for any G G ^^(7°°, one has (S'{Fn, G) — t- as n — )■ oo. To this end, 
let {/i*}j>i be an ONB on H. For any e > there exists k > 1 such that 



c^{Fn,G) -YHDh^Fn){Dh.G) 



i=l 
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where DhF := {DF,h)^ for F e ^C°° and h e M. Since ^C°° is dense in F^iW^^i), 
there exists Gj G =^C°° such that 



E|L),,.G- Gil^ < £, 1 < z < A;. 



Therefore, 



|<f G)| < 26 + ^ |E(G',DF„, 

i=l 

Noting that GiDF„ = D{FnGi) - F^DG,, by ([321) we obtain 



1=1 



E 



F„(X)<jG',(X) / (/ij,dfii)- D.^G, 



Since /x(F^) — as n — oo, by letting first n — oo then e — we complete the proof. □ 
Lemma 4.2. For any F E , let DF be the projection of DF on M, i.e. 



Then 



^t), tE[0,T],iDF)o = 0. 



I d 



F(X) = EF(X) + y \^(^^)*' 



Proof. By Theorem I2.H we have 



(4.1) 



E{h,DF)u = E{F{X) J {ht,dBt)}, hem. 



On the other hand, by the martingale representation, there exists a predictable process 
/3t such that 



(4.2) 

Let 



E(F(X)|^0 =EF(X)+ [\(3s,dB,), te[0,T]. 

Jo 



ipt= f /3sds, t G [0,T]. 



We have G H and by M . 



12 



E(/i,v9)H = E^ (/ii,A)dt = e|f(X) {ht,dBt) 

holds for all h & Combining this with (14. ip we conclude that DF = (p. Therefore, the 
desired formula follows from (14.21) . □ 

Theorem 4.3. For any T > and o G M , ^{cS')) satisfies the following log-Sobolev 
inequality 

fi{F^\ogF^) < 2^{F,F), F G ^(^), ^(F^) = 1. 

Proof. It suffices to prove for F G Let = E{F{Xf\^t), t G [0,T]. By Lemma 

14.21 and the Ito formula, 



i^DF^y' 

Thus, 



drrit log = (1 + log mt)dmt + — dt. 



^(F logF ) = EmrlogmT = / dt 



^ 2E{ F{X)^{DF)t \^t'' 
E{F{Xy\^t^ 



< 2 / E 



^ d 2 







-(DF)i dt = 2E||DF||^ = 2^(F,F). 



□ 
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